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Abstract
A ‘novel’ pure theory of Einstein-Gauss-Bonnet gravity in four-spacetime dimensions can be con-
structed by rescaling the Gauss-Bonnet coupling constant, seemingly eluding Lovelock’s theorem.
Recently, however, the well-posedness of this model has been called into question. Here we apply a
‘dimensional regularization’ technique, first used by Mann and Ross to write down a D→ 2 limit of
general relativity, to the case of pure Einstein-Gauss-Bonnet gravity. The resulting four-dimensional
action is a particular Horndeski theory of gravity matching the result found via a Kaluza-Klein re-
duction over a flat internal space. Some cosmological solutions of this four-dimensional theory are
examined. We further adapt the technique to higher curvature Lovelock theories of gravity, as well
as a low-energy effective string action with an α′ correction. With respect to the D → 4 limit of the
α
′-corrected string action, we find we must also rescale the dilaton to have a non-singular action in
four dimensions. Interestingly, when the conformal rescaling Φ is interpreted as another dilaton, the
regularized string action appears to be a special case of a covariant multi-Galileon theory of gravity.
I. INTRODUCTION
Einstein’s theory of general relativity (GR) has been
tremendously successful at describing astrophysical phe-
nomena, as well as the evolution of the universe. What’s
more, it is the unique covariant theory of gravity inD = 4
spacetime dimensions with second order equations of mo-
tion of the metric without any ghost-like instabilities.
The feature of uniqueness is a consequence of Lovelock’s
theorem [1, 2]. This states that Lovelock theories of grav-
ity are the unique, pure covariant theories of gravity with
second order equations of motion whose (Euclideanized)
action I(2n) is the Euler-characteristic χ(M2n) of a com-
pact 2n-dimensional manifoldM2n, such that in D = 2n
it is purely topological, and therefore does not contribute
to local spacetime dynamics. In D = 3, 4, GR is the
only Lovelock theory which is non-trivial; in D = 2 the
Einstein-Hilbert Lagrangian is the Euler-density for a
two-dimensional manifold and is thus trivial – indeed, in
D = 2 the Einstein tensor vanishes identically, Gµν = 0.
In dimensions D ≥ 5, the Lovelock Lagrangians in-
clude higher curvature corrections to GR and yield in-
teresting physics. The simplest such correction is the
Gauss-Bonnet contribution, leading to Einstein-Gauss-
Bonnet gravity (EGB), with action,
I =
∫
dDx
√−g
[
1
16piGD
(R− 2Λ0) + αGBLGB
]
(1)
where αGB is the Gauss-Bonnet coupling, LGB = (R2 −
4R2µν +R
2
µνρσ) is the Gauss-Bonnet curvature, and Λ0 is
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the cosmological constant. The equations of motion of
the theory are, when we include matter,
1
8piGD
(Gµν + Λ0gµν) + αGBHµν = Tµν , (2)
where
Hµν = 2
[
RRµν − 2RµανβRαβ +RµαβσR αβσν
− 2RµαRαν −
1
4
gµνLGB
]
.
(3)
In D = 4 the Gauss-Bonnet contribution is purely topo-
logical and does not alter the local dynamics of the the-
ory1. This can be verified by studying the trace of the
equations of motion
1
8piGD
[(
1− D
2
)
R+DΛ0
]
+2αGB
(
1− D
4
)
LGB = T .
(4)
In D = 4 the Gauss-Bonnet contribution vanishes.
Recently [4] uncovered a D = 4 limit of Einstein-
Gauss-Bonnet gravity. This so-called ‘novel EGB’ model
is derived by a simple rescaling of the Gauss-Bonnet cou-
pling αGB by a term proportional to the dimension in
which it becomes purely topological, i.e.,
αGB → (D − 4)αGB . (5)
This dimensional rescaling trick can be easily adapted to
Lovelock theories more broadly [5], as we will describe in
more detail later.
1 This is not to say that the Gauss-Bonnet does not have any effect
in four dimensions. Indeed, a Gauss-Bonnet term alters the form
of the horizon entropy by a constant proportional to the 2D Euler
character of the horizon, and thus naively leads to a violation of
the second law of thermodynamics during black hole mergers [3].
2The resulting theory is a pure covariant theory of grav-
ity that has second order equations of motion for which
the Gauss-Bonnet contribution affects the local dynam-
ics, yielding a non-trivial modification to general relativ-
ity in four dimensions. In recent months, novel EGB has
been explored, including studies on black hole physics
[4, 6–12], their (extended) thermodynamics [13–16]and
quasinormal modes [17–19]; stars [4, 20, 21]; cosmology
[4, 22], and wormholes [23, 24]. A Hamltonian analysis
was also given recently in [25].
Novel EGB, in the form derived by [4], is not with-
out its criticism, however. First off, if we perform the
rescaling (5) and take the D → 4 limit in the action (1),
we find that the action itself is singular, such that it is
not well-defined locally (this issue also does not disap-
pear if we take take the limit only after we have varied
the action [26]). Consequently, without a well-defined
local action it is unclear how to count the dynamical
degrees of freedom at the non-linear level using a Hamil-
tonian analysis. Indeed, [25] show that the D → 4 limit
is subtle and depends on the regularization scheme of the
Hamiltonian and equations of motion, such that in order
to find a consistent theory in four dimensions with the
proper two dynamical degrees of freedom, the temporal
diffeomorphism invariance of the theory must be broken.
Secondly, as pointed out in [27], the horizon entropy com-
puted using the Wald entropy functional diverges in the
D → 4 limit with the rescaled Gauss-Bonnet coupling.
Moreover, it is unclear whether the novel EGB theory
has an intrinsic four-dimensional description in terms of
a covariantly rank-2 tensor [28], and also suffers from an
“index problem” [29]. The overall conclusion is that a
pure four-dimensional EGB theory is untenable.
Collectively, these issues led [27] to propose an al-
ternative way to take the D = 4 limit of EGB, ac-
complished via a Kaluza-Klein-like dimensional reduction
over a maximally symmetric internal space [30, 31] in ad-
dition to the rescaling (5). A particularly striking feature
of this alternative D = 4 EGB theory is that the result-
ing action is not a pure theory of gravity, but rather is
a special case of Horndeski gravity [32], where the scalar
field arises as a component of the D-dimensional metric.
In this note we follow a different road to a D = 4
limit of EGB, as well as its higher dimensional Love-
lock counterparts. Our approach2 follows the spirit of
Mann and Ross [35], who uncovered a non-trivial D = 2
limit of general relativity by performing a type of “di-
mensional regularization,” involving subtracting a con-
formally transformed Einstein-Hilbert term in addition
to a rescaling of the D-dimensonal Newton’s constant
GD → (1− D2 )GD, reminiscent of (5). As we will review
later, the resulting gravitational action is described by
an Einstein-dilaton theory of gravity, matching a dimen-
2 As this article was in preparation we became aware of the recent
work by [33, 34], for which we share overlapping ideas.
sional reduction of D = 4 GR, and whose equations of
motion yield an R = T theory, where R and T are the 2-
dimensional Ricci scalar and energy-momentum tensor,
respectively. Likewise, we will find that our dimension-
ally regularized EGB model results in a Horndeski theory
of gravity that is intimately related to the dimensionally
reduced model of [27] (equivalent, in fact, after some sim-
ple field redefinitions and for a flat internal space), and
has the proper trace equation.
Aside from Lovelock’s theorem, there are other funda-
mental reasons why the Gauss-Bonnet contribution is of
interest. In particular, it naturally appears as the α′ cor-
rection to the gravi-dilaton sector of the low-energy effec-
tive action of 10-dimensional heterotic string theory [36–
38], in order to rid the low-energy theory of any ghosts.
It is therefore natural to wonder whether we may write
down a D → 4 limit of the low-energy effective string ac-
tion without performing a dimensional reduction. As we
will show, when the 10-dimensional dilaton is dynamical,
we must perform an additional field redefinition in order
to have a well-defined D → 4 limit.
The layout of this article is as follows. We set the
stage in Section II with a very brief review of the D →
2 limit of GR worked out by Mann and Ross in [35],
where we also show how to rewrite the resulting Einstein-
dilaton theory as a pure theory of gravity. In Section
III we adapt the Mann-Ross ‘dimensional regularization’
technique and write down a D → 4 limit of Einstein-
Gauss-Bonnet gravity, which we also relate to the D = 4
EGB model uncovered via Kaluza-Klein reduction [27].
This section has strong overlap with the recent work [33,
34]. We show how to apply the regularization technique
to more general Lovelock theories of gravity in Section
IV and the low energy effective action of a string theory
in Section V. We find in the D → 4 limit of the string
action that we must also rescale the dilaton to avoid any
singularities in the action. Section VI is devoted to a brief
analysis of cosmological solutions of the resulting D = 4
Horndeski theory of gravity uncovered in Section III and
[27], where we find a class of constant curvature solutions
for Φ being linear in cosmological time, as well as study
the late time behavior. We conclude in Section VII with
a discussion on multiple avenues for future work.
II. THE D → 2 LIMIT OF GENERAL
RELATIVITY
Consider Einstein gravity in D-spacetime dimensions:
IEH =
∫
dDx
√−g
[
1
16piGD
(R− 2Λ0) + L(D)mat
]
. (6)
The equations of motion are
1
8piGD
(Gµν + Λ0gµν) = Tµν , (7)
3where Tµν ≡ − 2√−g δSmatδgµν is the energy-momentum
tensor associated with the matter action Smat =∫
dDx
√−gLmat. Taking the trace of (7) we find that
Einstein gravity is trivial in D = 2 spacetime dimensions:
R
(
1− D
2
)
+DΛ0 = T → Λ0 = 8piGDT . (8)
This is not so surprising, as in 2-dimensions the
Einstein-Hilbert action is the Euler-characteristic for a
2-dimensional compact spacetime.
Notice, however, what happens when we rescale GD →
GD
(
1− D2
)
. Then, we have a non-trivial D → 2 limit of
Einstein gravity such that the trace of the field equations
(8) exhibits local dynamics
R+DΛ0 = 8piGDT → R+ 2Λ0 = 8piG2T , (9)
where G2 is the 2-dimensional Newton’s constant.
This issue can seemingly be resolved following a
method developed by Mann and Ross [35], where they
consider the Einstein-Hilbert action in D-dimensions,
subtract off a conformally related Einstein-Hilbert ac-
tion, and then perform a power series expansion in
(D−2), eventually taking the limit D → 2, together with
a rescaling of GD as above. More explicitly, subtract a
term
∫
dDx
√−g˜R˜/16piGD such that it becomes a total
derivative in D = 2, i.e., limD→2 G˜µν/16piGD = 0. More-
over, we assume the metric g˜µν is conformally related to
gµν via g˜µν = e
Φgµν , such that
R˜ = e−Φ
(
R− (D − 1)gµν∇µ∇νΦ
− 1
4
(D − 2)(D − 1)gµν∇µΦ∇νΦ
)
,
(10)
and
√−g˜ = eDΦ/2√−g. Then consider the action
I =
1
16piGD
∫
dDx
√−g
(
R− 2Λ0 −
√−g˜√−g R˜
)
+ Imat .
(11)
At this point this action is equivalent to the D-
dimensional Einstein-Hilbert action by construction. Us-
ing the conformal rescaling, performing a power se-
ries expansion in e(D/2−1)Φ to order O(D/2 − 1) drop-
ping any total derivatives, rescaling Newton’s constant
limD→2GD →
(
1− D2
)
G2, and finally taking the D → 2
limit, we have
I =
1
16piG2
∫
d2x
√−g(ΦR − 2Λ0 + 1
2
(∇Φ)2) + Imat .
(12)
The equations of motion for this action are
0 =
1
2
(
∇µΦ∇νΦ− 1
2
gµν(∇Φ)2
)
−∇µ∇νΦ+ gµν∇2Φ
+ gµνΛ0 − 8piG2Tµν ,
(13)
0 = R−∇2Φ . (14)
The second of these provides a constraint such that the
trace of the first leads to an R = T theory (plus cosmo-
logical constant):
R = 8piG2T − 2Λ0 . (15)
While the action (12) is a 2D gravi-dilaton model, it
is special in that its equations of motion lead to what
can be interpreted as the D → 2 limit of Einstein’s field
equations (15), and so (12) can reasonably be considered
the closest thing to general relativity that exists in two
dimensions. Moreover, [35] showed that (12) also arises
from a typical dimension reduction (plus rescaling of cou-
pling) of the Einstein-Hilbert action in D = 4 spacetime
dimensions, much like its stringy motivated counterparts
(it is in this sense that Φ should be interpreted as a dila-
ton). The approach of [35] has since been generalized
to derive 2D Liouville gravity from this type of rescal-
ing [39]. The model described by (12) was also recently
used to provide a D → 2 limit of extended black hole
thermodynamics [40].
As noted in [41], the action (12) can in fact be turned
into a pure theory of gravity. We can accomplish this
by redefining the metric according to g˜µν = e
φ/2gµν , we
may rewrite (12) (dropping the constant and the matter
contribution) as
Iφ[g˜] =
∫
d2x
√
−g˜[φR˜ − V (φ)] , V (φ) = 2Λ0e−φ/2 .
(16)
In this form we can solve the dilaton field equation and
substitute the result back into the action, resulting in
(a peculiar) pure theory of gravity with respect to the
metric g˜µν :
Iφ=φ0 [g˜] =
∫
d2x
√−gf(R˜) , (17)
with f(x) = 2x
[
1− log
(
−x
Λ0
)]
. For de Sitter or AdS
solutions this is odd, as the resulting gravitational equa-
tions of motion give
R˜f ′(R˜)− f(R˜) = 0⇒ R˜ = 0⇒ g˜µν = 0 . (18)
This means that the theory, with respect to g˜, does not
admit (A)dS solutions. Of course, if we don’t work in the
g˜ frame, then one can study (A)dS solutions, as done in,
e.g., [40].
III. D → 4 LIMIT OF
EINSTEIN-GAUSS-BONNET GRAVITY
Following the spirit of [35], let’s now try a similar trick
with Einstein-Gauss-Bonnet gravity. This was recently
4accomplished in [33, 34]. Start with Einstein-Gauss-
Bonnet gravity in D- dimensions, dropping any matter
action,
IEGB =
∫
dDx
√−g
[
R
16piGD
− 2Λ0 + αGBLGB
]
.
(19)
Now we subtract a term
∫
dDx
√−g˜αGBL˜GB , such that
this term becomes a total derivative inD = 4 dimensions,
i.e., limD→4 αGBH˜µν = 0.
Moreover, the metric g˜µν is conformally related to gµν via g˜µν = e
Φgµν , with
√−g˜ = eDΦ/2√−g, and the Gauss-
Bonnet Lagrangian transforms3 as [42]:
L˜GB = e−4Φ/2
{
LGB + 4(D − 3)Gµν (∇µ∇νΦ) + (D − 3)(D − 4)Gµν(∇µΦ)(∇νΦ)
+ (D − 3)(D − 2)∇µ[(∇µΦ)Φ− (∇νΦ)(∇µ∇νΦ)]
+ (D − 2)(D − 3)
[
(D − 4)
2
Φ(∇Φ)2 + 1
2
∇µ[(∇Φ)2∇µΦ]
]
+
1
16
(D − 1)(D − 2)(D − 3)(D − 4)(∇Φ)4
}
,
(20)
where we used ∇µ∇ν(∇µΦ) = Rνµ∇µΦ +∇ν(Φ) and
(Φ)2 − (∇µ∇νΦ)2 = (∇νΦ)(Rνµ∇µΦ) +∇ν [(∇νΦ)Φ]−∇µ[(∇νΦ)(∇µ∇νΦ)] . (21)
Next, consider the action
I =
∫
dDx
√−g
(
1
16piGD
(R− 2Λ0) + αGB
[
LGB −
√−g˜√−g L˜GB
])
. (22)
We now substitute in our conformally transformed Gauss-Bonnet Lagrangian density (20), expanding our exponential
factor to linear order in O(D − 4),
I =
∫
dDx
√−g
[
1
16piGD
(R− 2Λ0)− αGB
{
4(D − 3)Gµν (∇µ∇νΦ) + (D − 3)(D − 4)Gµν(∇µΦ)(∇νΦ)
+ (D − 3)(D − 2)∇µ[(∇µΦ)Φ− (∇νΦ)(∇µ∇νΦ)] + (D − 2)(D − 3)
[
(D − 4)
2
Φ(∇Φ)2 + 1
2
∇µ[(∇Φ)2∇µΦ]
]
+
1
16
(D − 1)(D − 2)(D − 3)(D − 4)(∇Φ)4
}
− αGB (D − 4)Φ
2
{
LGB + 4(D − 3)Gµν (∇µ∇νΦ)
+ (D − 3)(D − 2) (∇µ[(∇µΦ)Φ− (∇νΦ)(∇µ∇νΦ)]) + 1
2
(D − 2)(D − 3)∇µ[(∇Φ)2∇µΦ]
}]
.
(23)
Dropping all total derivatives,
I =
∫
dDx
√−g
[
1
16piGD
(R − 2Λ0)− αGB
2
(D − 4)
{
ΦLGB − 2(D − 3)Gµν(∇µΦ)(∇νΦ)
+
1
2
(D − 2)(D − 3)(D − 5)(∇Φ)2Φ+ 1
8
(D − 2)(D − 3)(D − 5)(∇Φ)4
}]
.
(24)
3 Reference [42] writes their transformations a bit differently.
For us, recall that eΦ/2 = 1
2
eΦ/2
(
Φ+ 1
2
(∇Φ)2) and
∇µ∇νeΦ/2 = 1
2
eΦ/2
(∇µ∇νΦ+ 1
2
(∇µΦ)(∇νΦ)
)
. Our expres-
sion for L˜GB can be shown to be equivalent to Eq. (A5) in [43].
5where we used
ΦGµν∇µ∇νΦ = ∇µ[ΦGµν∇νΦ]−Gµν(∇µΦ)(∇νΦ) , (25)
Φ∇µ [(∇µΦ)Φ− (∇νΦ)(∇µ∇νΦ)] = Tot. Der. + (∇µΦ)(∇νΦ)(∇µ∇νΦ)− (∇Φ)2Φ , (26)
and
Φ∇µ[(∇Φ)2(∇µΦ)] = ∇µ[Φ(∇Φ)2(∇µΦ)]− (∇Φ)4 . (27)
Now we invoke αGB → αGB/(D − 4). In so doing,
we see that we have eliminated all terms divergent in
1/(D − 4), and remaining action is well defined in the
D = 4 limit,
I =
∫
d4x
√−g
[
1
16piG4
(R − 2Λ0)− αGB
2
{
ΦLGB
− 2Gµν(∇µΦ)(∇νΦ)− (∇Φ)2Φ− 1
4
(∇Φ)4
}]
,
(28)
matching the action given in [34]. Since the Gauss-
Bonnet Lagrangian by itself remains purely topological
in D = 4, we see that locally our theory has a constant
shift symmetry in Φ.
As pointed out in [34], when we make the following
rescalings,
Φ→ −2Φ gµν → −1
2
gµν , αGB → −αGB
2
, (29)
to our action (28) , we exactly reproduce the D → 4 limit
of Einstein gravity plus the Kaluza-Klein reduced Gauss-
Bonnet Lagrangian over a flat internal space4, written
out explicitly in [27]:
I =
∫
d4x
√−g
[
1
16piG4
(R − 2Λ0) + αGB(ΦLGB
+ 4Gµν(∇µΦ)(∇νΦ)− 4(∇Φ)2Φ+ 2(∇Φ)4)
]
.
(30)
The D → 4 EGB model (28) or (30) describes an
Einstein-Gauss-Bonnet theory of gravity coupled to a
scalar field, analogous to the D → 2 limit of general
4 The Kaluza-Klein metric ansatz is ds2D = ds
2
d+e
2ΦdΣ2D−d, with
dΣ2D−d as the line element of the internal maximally symmetric
space, while Φ is the metric function which depends on the exter-
nal d-dimensional coordinates. Our action (30) is the limit where
the internal space is flat. More generally, (30) is supplemented
with a contribution which is non-vanishing for curved maximally
symmetric internal space,
Iλ =
∫
d4x
√−g
[
−2λRe−2Φ − 12λ(∇Φ)2e−2Φ − 6λ2e−4Φ
]
,
where λ denotes the curvature of the internal space, e.g., λ = 0
for vanishing curvature.
relativity (12). Unlike the D → 2 model of GR, we can-
not perform a conformal rescaling on gµν and rewrite
our D → 4 EGB theory as a pure theory of gravity.
Moreover, we emphasize that our scalar-tensor theory is
a special case of a Horndeski theory of gravity [32, 44, 45].
This is not surprising, as it is by now well known that
dimensionally reducing Lovelock actions give the covari-
ant, scalar-tensor theories of gravity with second order of
equations motion [30]. Indeed, the equations of motion
of (30) are explicitly second order: [34]
0 =
αGB
2
{
− LGB + 8Gµν∇µ∇νΦ + 8Rµν(∇µΦ)(∇νΦ)
− 8(Φ)2 + 8(∇Φ)2Φ+ 8(∇µ∇νΦ)2
+ 16(∇µΦ)(∇νΦ)(∇µ∇νΦ)
}
(31)
for Φ, while for gµν ,
0 =
1
8piG4
(Gµν + Λ0gµν) + αGB
{
Hµν − 2R[(∇µΦ)(∇νΦ)
+∇µ∇νΦ] + 8Rδ(µ∇ν)∇δΦ+ 8Rδ(µ(∇ν)Φ)(∇δΦ)
− 2Gµν [(∇Φ)2 + 2Φ]− 4[(∇µΦ)(∇νΦ) +∇µ∇νΦ]Φ
− [gµν(∇Φ)2 − 4(∇µΦ)(∇νΦ)](∇Φ)2
+ 8(∇(µΦ)(∇ν)∇δΦ)∇δΦ
− 4gµνRδρ[∇δ∇ρΦ+ (∇δΦ)(∇ρΦ)] + 2gµν(Φ)2
− 2gµν(∇δ∇ρΦ)(∇δ∇ρΦ)
− 4gµν(∇δΦ)(∇ρΦ)(∇δ∇ρΦ) + 4(∇δ∇νΦ)(∇δ∇µΦ)
+ 4Rµδνρ[(∇δΦ)(∇ρΦ) +∇ρ∇δΦ]
}
,
(32)
where Hµν is given in (3).
From the Kaluza-Klein reduction perspective, the
equations of motion of (30) had to be second order since
the scalar field Φ is simply a component of the full D-
dimensional metric, and the starting D-dimensional ac-
tion is EGB, which already has second order equations
of motion. Similarly, from the Mann-Ross dimensionally
regularized viewpoint, the equations of motion of (28) are
second order since we are simply performing a conformal
rescaling of EGB.
6Taking the trace of (31) and (32) and adding them
together, we find
0 =
1
8piG4
(4Λ−R)− αGB
2
LGB . (33)
This should be compared to (4), for which we see that
now the Gauss-Bonnet term will alter the local dynam-
ics of spacetime in four-dimensions. As such, the the-
ory is expected to have some non-trivial and interest-
ing solutions. Black hole solutions to this model were
initially considered in [27], and further explored in [34],
where four-dimensional Gauss-Bonnet Taub-NUTs were
also studied. A complete survey of black hole solutions
has not yet been accomplished for this model. Moreover,
as a Horndeski theory of gravity, this model is expected
to have potentially rich cosmological behavior. We will
return to this momentarily.
Lastly, we should emphasize that, unlike the original
‘novel’ D = 4 EGB theory [4], this D → 4 limit of EGB
does not suffer from having a singular action in the D →
4 limit, and avoids the ‘index problem’. Since it is a
Horndeski theory of gravity, it is also expected to have a
well-posed Hamiltonian formulation.
IV. ‘NOVEL’ EINSTEIN-LOVELOCK GRAVITY
As eluded to in the introduction, general relativity and
Gauss-Bonnet gravity are part of a wider class of theo-
ries known as Lovelock gravity [1, 2]. Therefore, our
dimensional regularization scheme, essentially the tech-
nique introduced by Mann and Ross [35], can be applied
equally to more general Einstein-Lovelock actions. This
was noted previously in [5], however was accomplished
only using the rescaling of the Lovelock couplings analo-
gous to [4], and is thus expected to suffer from the issues
mentioned earlier.
Let us briefly describe how the regularization scheme
would work. Consider any Einstein-Lovelock theory of
gravity, with action
IELL =
∫
dDx
√−g
[
1
16piGD
(R− 2Λ0) + LLL + Lmat
]
,
(34)
where the Lovelock Lagrangian is
LLL =
t∑
n=0
L(n) =
√−g
t∑
n=0
αnR(n) (35)
with
R(n) =
1
2n
δµ1ν1...µnνnα1β1...αnβn
n∏
r=1
Rαrβrµrνr , (36)
where αn as the Lovelock coupling constants. Here we
have used the generalized Kronecker delta symbol
δµ1ν1...µnνnα1β1...αnβn = n!δ
µ1
[α1
δν1β1 ...δ
µn
αnδ
νn
βn]
. (37)
The first few terms are explicitly,
L(0) =
√−gα0 , L(1) =
√−gα1R , L(2) = LGB ,
(38)
L(3) =
√−gα3
{
R3 − 12RR2µν + 16RµνRµρRνρ
+ 24RµνRρσR
µρνσ + 3RR2µνρσ
− 24RµνRµρσκRνρσκ + 4RµνρσRµνηζRρσηζ
− 8RµρνσRµ νη ζRρησζ
}
.
(39)
By Einstein-Lovelock theories of gravity, we really mean
to start our Lovelock Lagrangian at n = 2. For even D,
t = D/2, while for odd D, t = (D− 1)/2. When 2n > D,
the quantity
√−gR(n) is the generalized Euler-density in
2n-dimensions,
χ(M2n) = 1
(4pi)nn!
∫
M2n
d2nx
√−gR(n) . (40)
This tells us that L(n) is topological in 2n-dimensional
spacetimes, while for D > 2n, L(n) contributes to local
dynamics.
Indeed, the field equations for pure Lovelock are
Gµν =
t∑
n=0
αnG(n)µν =
1
2
Tµν , (41)
with
G(n)αβ = −
1
2n+1
δαµ1ν1...µnνnβσ1ρ1...σnρn
n∏
p=1
Rµpνpσpρp , (42)
which will vanish identically for D ≤ 2n, due to the to-
tally antisymmetric Kronecker delta symbol.
Following the insight of [4], it is expected that the
Lovelock Lagrangian densities can contribute to local dy-
namics in D = 2n if we shift the Lovelock couplings via
αn → (D − 2n)αn . (43)
Our ‘novel’ Einstein-Lovelock theory is then con-
structed in an analogous manner to our Einstein-Gauss-
Bonnet theory of gravity. We start with the Einstein-
Lovelock action (34), and subtract from it the high-
est dimensional term in L˜LL with
√
g˜, where as before
g˜µν = e
Φgµν , such that
R˜(n) =
1
2n
δµ1ν1...µnνnα1β1...αnβn
n∏
r=1
R˜αrβrµrνr , (44)
with
7R˜µνδρ = e
Φ
[
Rµνδρ +
1
4
gνρ(∇µΦ)(∇δΦ)− 1
4
gµρ(∇νΦ)(∇δΦ)− 1
2
gνρ∇µ∇δΦ+ 1
2
gµρ∇ν∇δΦ
− 1
4
gνδ(∇µΦ)(∇ρΦ) + 1
4
gµρ(∇νΦ)(∇ρΦ) + 1
2
gνρ∇µ∇ρΦ− 1
2
gµδ∇ν∇ρΦ+ 1
4
(gµρgνδ − gµδgνρ)(∇Φ)2
]
.
(45)
We then Taylor expand the subtracted action to terms
only linear in (D − 2n), and rescale αn → (D − 2n)αn.
For example, for cubic Lovelock gravity (n = 3) we would
write
I
(reg)
ELL = IELL −
∫
dDx
√
g˜L˜(3) , (46)
where g˜µν and L˜(3) are the conformally transformed met-
ric and Lovelock Lagrangian density, respectively. We
then Taylor expand the subtracted action to terms only
linear in (D − 6), and rescale α3 → (D − 6)α3. We may
then safely take the D = 6 limit, and study a novel cubic
Lovelock gravity in D = 6.
As our EGB theory resulted in Horndeski gravity upon
our method of ‘dimensional regularization’ it is expected
that our novel Einstein-Lovelock theory will describe gen-
eralized Horndeski theories of gravity [44], which to lead-
ing order arise from dimensional reduction of Lovelock
theories of gravity [30].
V. DIMENSIONALLY REGULARIZED
EFFECTIVE STRING ACTION
One of the fascinating features of string theory is that
Einstein’s equations emerge through the requirement of
avoiding a conformal anomaly, i.e., maintaining confor-
mal invariance of a quantized string on a curved back-
ground. Just as in quantum field theory, one will at-
tempt to impose a classical symmetry, e.g., conformal
invariance, at various orders of the loop expansion in the
action. In string theory there are two such perturba-
tive expansions – the α′ expansion, one which is unique
to string theory, and the genus expansion, the 2-D ana-
log of performing a Feynman diagram analysis. It is the
conformal invariance of the α′ = λ2s/2pi corrections which
gives rise to Einstein’s equations and its higher curvature
corrections. In particular, at tree-level (α′ = 0), impos-
ing conformal invariance requires Rµν = 0 – Einstein’s
vacuum equations.
At higher order α′ corrections, demanding conformal
symmetry at the quantum level modifies Einstein’s equa-
tions, in which one is forced to include additional fields
as well as higher curvature terms [36, 38, 46]. By de-
manding conformal invariance, the series of α′ corrections
is constrained due to the condition of conformal invari-
ance as applied to scattering amplitudes in the string
S-matrix. At each level of approximation, there is an in-
trinsic ambiguity due to field redefinitions which preserve
general covariance and gauge invariance. These will give
rise to a variety of different actions, each, however, hav-
ing an equivalent S-matrix. A particular such action is
the gravi-dilaton sector of the 10-dimensional heterotic
superstring [36, 38]; or here in general dimension D [47]
I = − 1
2λD−2s
∫
dDx
√−ge−Φ
[
R+ (∇Φ)2
− α
′
4
LGB + α
′
4
(∇Φ)4
]
,
(47)
where λs is a constant with units of length, representing
the characteristic string length in string theory.
Earlier we described a ‘novel’ Einstein-Lovelock theory
via a type of dimensional regularization. Pure theories
of Lovelock gravity, however, are not known to exist in
nature. Higher derivative Lovelock contributions, as seen
above, naturally arise in string theory from α′ perturba-
tive corrections to the string. Thus it is natural to apply
our dimensional regularization to a low energy effective
string action and take the four dimensional limit as de-
scribed above5.
In particular, we will consider the low-energy effective
string action (47), and subtract from it
I˜1 = − 1
2λd−1s
∫
dDx
√
−g˜e−φ
(
−α
′
4
L˜GB + α
′
4
(∇˜φ)4
)
,
(48)
where quantities with a˜correspond to geometric objects
in the conformally related background g˜µν = e
Φgµν , and
here we are writing the dilaton as φ to avoid confusion
with scalar field Φ relating the conformally transformed
metric.
Then,
Ireg = I − I˜1 = − 1
2λD−2s
∫
dDx
√−ge−φ
[
R− 2Λ0 + (∇φ)2
− α
′
4
(
LGB −
√−g˜√−g L˜GB
)
+
α′
4
(
(∇φ)4 −
√−g˜√−g (∇˜φ)
4
)]
,
(49)
5 Following [30], the model (47) provides us with an action upon
which a Kaluza-Klein dimensional reduction leads to a Horndeski
theory of gravity, such that covariant galileons have a natural
stringy origin. This is the subject of unpublished work [48].
8where we have explicitly included a cosmological constant
term Λ0. Using our conformally transformed Gauss-
Bonnet Lagrangian density (20), we have as before
(
LGB −
√−g˜√−g L˜GB
)
= LGB − e(D−4)Φ/2
{
LGB + 4(D − 3)Gµν (∇µ∇νΦ)
+ (D − 3)(D − 4)Gµν(∇µΦ)(∇νΦ) + (D − 3)(D − 2)∇µ[(∇µΦ)Φ− (∇νΦ)(∇µ∇νΦ)]
+ (D − 2)(D − 3)
[
(D − 4)
2
Φ(∇Φ)2 + 1
2
∇µ[(∇Φ)2∇µΦ]
]
+
1
16
(D − 1)(D − 2)(D − 3)(D − 4)(∇Φ)4
}
.
(50)
Also, using ∇˜µφ = ∇µφ so
∇˜µφ = e−Φ∇µφ⇒ (∇˜φ)4 → e−4Φ/2(∇φ)4 , (51)
we have(
(∇φ)4 −
√−g˜√−g (∇˜φ)
4
)
= (∇φ)4
(
1− e(D−4)Φ2
)
.
(52)
The next step is to expand the exponential factor
e(D−4)
Φ
2 ≈ 1+ (D− 4)Φ2 +O((D− 4)2), and then rescale
α′ → α′/(D − 4). We immediately see a problem, how-
ever. Unlike the pure EGB case, the overall dilaton factor
e−φ spoils our ability to drop total derivatives, such that
our rescaling of α′ and then the limit D → 4 leads to an
action with a divergence. For example, upon expanding
e(D−4)
Φ
2 , we have at leading order a term proportional to
α′e−φe(D−4)
Φ
2 Gµν(∇µ∇νΦ) ≈ α′e−φGµν(∇µ∇νΦ)
+ α′O(D − 4) + ... .
(53)
In the pure EGB case we did not have a dilaton contri-
bution and so this was a total derivative which could be
dropped from the action; had we been unable to drop
this term, α′ → α′/(D − 4) would lead to a divergence
in the action upon taking D → 4. Thus, the presence
of a dynamical dilaton φ spoils our ability to take the
D → 4 limit. One way to avoid this problem and keep φ
dynamical is to also rescale the dilaton φ,
φ→ (D − 4)φ . (54)
Then we can perform a Taylor series expansion and keep
only those terms linear in (D−4), such that (53) becomes:
α′e(D−4)[
Φ
2
−φ]Gµν(∇µ∇νΦ) ≈ α′Gµν(∇µ∇νΦ)
+ α′(D − 4)
(
Φ
2
− φ
)
Gµν(∇µ∇νΦ) + ...
(55)
The first of these is simply a total derivative and can
be removed from the action while the second, since it is
proportional to (D − 4), will not become singular in the
limit D → 4, after rescaling α′ → α′/(D − 4).
Note, moreover, that upon (54), the self-interactions of
the dilaton φ will vanish from the action upon the D → 4
limit. This is because (∇φ)p → (D − 4)p(∇φ)p → 0
for p ≥ 1. Altogether then, our dimensionally regular-
ized low-energy effective string action to order O(D − 4)
is a simple modification of (23), where upon taking the
α′ → α′/(D − 4), and subsequently D → 4, we have the
dimensionally regularized (28) plus a dilaton φ correc-
tion:
Ireg = − 1
2λ2s
∫
d4x
√−g
[
R− 2Λ0 − α
′
8
(
ΦLGB − 2Gµν(∇µΦ)(∇νΦ)− (∇Φ)2Φ− 1
4
(∇Φ)4
)
+
α′
4
φ
(
LGB + 4Gµν (∇µ∇νΦ) + 2 (∇µ[(∇µΦ)Φ− (∇νΦ)(∇µ∇νΦ)]) +∇µ[(∇Φ)2∇µΦ]
)]
.
(56)
We observe that because we have rescaled the dilaton
(54), we do not have an overall factor of e−φ, as one would
have in the usual string frame. So our dimensionally
regularized action appears as a type ofD → 4 limit of the
low-energy effective string action (47) in Einstein frame.
Let’s comment on comparing to the Kaluza-Klein di-
mensional reduction of (47). Following [30], it is tedious
but straightforward to dimensionally reduce (47), where
we must also reduce the D-dimensional dilaton φ(x).
This is accomplished noting that it is perfectly consis-
9tent to truncate higher modes in the Kaluza-Klein tower
such that φ depends only on the coordinates of the lower
dimensional external space, and not on the coordinates
of the compactified internal space. Upon compactifica-
tion, the resulting four-dimensional string action includes
kinetic terms for the dilaton, as well as an overall e−φ.
Since these features are missing from our D → 4 limit
of (47), it seems unlikely that we will match with the
Kaluza-Klein reduction of the effective string action, ex-
cept for potentially special redefintions of φ and Φ. It
could be worthwhile to pursue this further.
Interestingly, notice that we now have terms where the
dilaton φ ‘interacts’ wth the conformal rescaling Φ, when
φ is not a simple scalar multiple of Φ. Thus, we arrive at
a particular sub-sector of multi-Galileon (or multi-field
generalization of Horndeski) gravity [49, 50], albeit in a
rather strange form. Moreover, there are some additional
special cases for φ. First, if we set φ = 0 at this stage,
we simply recover (28), as expected. Moreover, if we set
φ = Φ/2, we have special Horndeski theory of gravity,
without a Gauss-Bonnet contribution,
I = − 1
2λ2s
∫
d4x
√−g
[
R− 2Λ0
− α
′
4
(
Gµν(∇µΦ)(∇νΦ) +Φ(∇Φ)2 + 3
8
(∇Φ)4
)]
.
(57)
It would be interesting to further study the properties of
the action (56), including its solutions, however we will
leave this for future work and move on to study cosmo-
logical solutions of the D → 4 limit of Einstein-Gauss-
Bonnet gravity (28).
VI. COSMOLOGICAL SOLUTIONS OF ‘NOVEL’
EINSTEIN-GAUSS-BONNET
Here we will consider some elementary cosmological so-
lutions of (31) and (32), focusing on the pure theory (30)
without the addition of external matter6. We point out
that the cosmological solutions to the action we consider
(30), is lacking a kinetic term for Φ at the same level
as the Ricci scalar (we have kinetic terms at the level of
the Gauss-Bonnet contribution). Note, in fact, we can
acquire a kinetic term by dimensionally regularizing the
full EGB action, in which our final action would include a
conformally rescaled Einstein-Hilbert contribution. How-
ever, as noted in [34], a field redefinition transforms this
alternative regularized action into (30).
Without a kinetic term for Φ, some might consider
the cosmological solutions we arrive at to not be entirely
6 This is in contrast with [4], where the authors consider cosmolog-
ical solutions after adding a canonical scalar field to the action.
realistic. This is a valid critique, and we will indeed un-
cover some peculiar aspects of our solutions; for more
realistic phenomenology we should seek to modify our
action. Nonetheless, the model we study here can be
considered to be the theory closest to a D = 4 Einstein-
Gauss-Bonnet theory of gravity, and so it is worthwhile
studying its own solutions without modification.
Taking the 4-dimensional spatially flat FLRW metric
ansatz for an isotropic universe,
ds2 = −dt2 + a(t)2δijdxidxj , Φ = Φ(t), (58)
we obtain the equation of motion for the scalar field
0 = 24α˜GBa
3
(
H − Φ′
)2(
H2 +H ′ −HΦ′ − Φ′′
)
, (59)
where H = a′/a is the usual Hubble parameter and
α˜GB = 16piG4αGB. The Friedmann constraint and Ein-
stein equation become
0 = −2a3
[
Λ0 − 3H2
− α˜GB
(
12H3Φ′ − 18(HΦ′)2 + 12H(Φ′)3 − 3(Φ′)4
)]
,
(60)
0 = 6a2
[
3H2 + 2H ′ − Λ0 + α˜GB
(
8H3Φ′ + 4H2Φ′′
− 6H2 (Φ′)2 + 8HΦ′ (H ′ − Φ′′)
+ (Φ′)2
(
− 4H ′ + 4Φ′′ + (Φ′)2
))]
.
(61)
A. Constant curvature
Interestingly, the equation of motion for the scalar
field, (59), factorizes. We can immediately read off one
class of solutions by setting the first factor to zero, so
that
Φ′ = H. (62)
Inserting the above into the Friedmann constraint (60),
we obtain a fourth-order polynomial in the Hubble pa-
rameter:
0 = −2a3
(
Λ0 − 3(H2 + α˜GBH4)
)
. (63)
There are four solutions to the above equation for H .
Assuming a positive value for the cosmological constant,
we find two solutions are real when α˜GB > 0, while the
other two are real for α˜GB < 0 :
H α˜GB>0± = ±
1√
6
[√
3
√
3 + 4α˜GBΛ0
α˜GB
− 3
α˜GB
]1/2
, (64)
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H α˜GB<0± = ±
1√
6
[
−
√
3
√
3 + 4α˜GBΛ0
α˜GB
− 3
α˜GB
]1/2
. (65)
These solutions also satisfy (61). For each of the four
roots, the scalar field and scale factor are given by
Φ±(t) = H±t+Φ0, a±(t) = eH±t, (66)
where Φ0 is an integration constant. Note that the fol-
lowing limits hold:
lim
Λ0→0
H α˜GB>0± = 0, lim
Λ0→0
H α˜GB<0± = ±
1√−α˜GB
,
(67)
lim
α˜GB→0
H α˜GB>0± = ±
√
Λ0
3
, lim
α˜GB→0
H α˜GB<0± = ±i∞,
(68)
where i∞ is imaginary infinity.
As was mentioned in section V, one expects the Gauss-
Bonnet coupling αGB to be proportional to the string
theory expansion parameter α′ = λ2s/2pi. Since α
′ >
0, consistency with string theory implies that we take
αGB > 0. The limits (67) and (68) support that conclu-
sion. Consequently, we find that the theory (30) with
Λ0 → 0 only emits Minkowski space as a constant cur-
vature solution, compatible with the first limit in (67),
while the αGB → 0 limit recovers usual (A)dS space with
H2 = Λ0/3 and no additional content. With both param-
eters turned on, we have the solution class for Φ being
linear in cosmological time as in (66), with the Hubble
parameter given in (64).
B. Late time power law
If we instead take the ansatz a(t) = (t/t0)
p ≡ t˜p, then
the field equation for Φ(t) becomes
0 =
(p
t˜
− Φ′
)2(p(p− 1− t˜Φ′)
t˜2
− Φ′′
)
. (69)
The second factor can be integrated, obtaining
Φ = p log t˜+ c0
t˜1−p
1− p +Φ0, (70)
where c0 and Φ0 are constants. Note that the c0 = 0
solution satisfies vanishing of the first factor in (69). (70)
forces the Friedmann and Einstein equations to be
0 =
Λ0
3
− p
2
t˜2
+
α˜GBc
4
0
t˜4p
− α˜GBp
4
t˜4
, (71)
0 = Λ0 +
p(2− 3p)
t˜2
− α˜GBc
4
0
t˜4p
+
α˜GBp
3(4 − 3p)
t˜4
. (72)
For late times, we have
0 =
Λ0
3
− 1
t˜2
(
p2 − α˜GBc
4
0
t˜4p−2
)
+O(t˜−4), (73)
0 = Λ0 +
1
t˜2
(
p(2− 3p)− α˜GBc
4
0
t˜4p−2
)
+O(t˜−4), (74)
which illustrates that for power law solutions consistent
with both (73) and (74), we must have that Λ0 → 0 and
p = 1/2. The terms in the large parenthesis in both ex-
pressions vanish, and the integration constant c0 is fixed
to be
c40 =
1
4α˜GB
, (75)
while the scale factor is
a(t) =
√
t/t0, (76)
corresponding to radiation-like dominated expansion.
The solution for Φ is given by (70) with c0 as in (75).
Stability of the solutions is left for future work and
can be quite intricate in theories with non-standard ki-
netic Galileon terms, as the existence of ghost and gra-
dient instabilities and superluminal propagating modes
can depend on any external matter backgound [51]. In
general, cosmology involving non-standard Lagrangians
of the Galileon type exhibit extremely rich cosmologi-
cal structure, including accelerated inflationary expan-
sion [52, 53] and bouncing models [54, 55]. Lagrangians
of this type have the intriguing feature of being able
to violate the Null Energy Condition (NEC) in a stable
way [52, 53, 56–58]. We leave a more complete discussion
of cosmological solutions in this model to future work.
VII. DISCUSSION
Recently a pure theory of Einstein-Gauss-Bonnet grav-
ity was written down in four-spacetime dimensions [4],
seemingly eluding Lovelock’s theorem. It is unclear how
well-posed this ‘novel’ theory of gravity is. Here we ap-
plied a dimensional regularization technique, first used by
Mann and Ross [35], to the case of pure Einstein-Gauss-
Bonnet gravity, resulting in a particular Horndeski theory
of gravity matching the result found via a Kaluza-Klein
reduction over a flat internal space [27]. This result was
also recently reported by [33, 34] . We then commented
on how to adapt the technique to higher curvature Love-
lock theories of gravity, as well as a low-energy effective
string action with an α′ correction. With respect to the
D → 4 limit of the α′-corrected string action, we found
we must also rescale the dilaton φ to have a non-singular
action in D = 4, resulting in an action that does not
have a self-kinetic term for the dilaton, unlike what is
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expected for a Kaluza-Klein reduction of the string ac-
tion. Interestingly, when the conformal rescaling Φ is in-
terpreted as another dilaton, the resulting action appears
to be a special case of a covariant multi-Galileon theory
of gravity. Lastly, we studied some elementary cosmolog-
ical solutions to the Horndeski theory gravity emerging
from the D → 4 limit of Einstein-Gauss-Bonnet, finding
a class of constant curvature solutions for Φ being linear
in cosmological time, and a late time radiation-like dom-
inated expansion with zero cosmological constant and a
somewhat nontrivial Φ.
There are a number of new directions to take our work.
First, it would be worthwhile to study a specific higher
curvature Lovelock theory of gravity, e.g., one with cubic
interactions, and see whether the Mann-Ross regulariza-
tion technique would match a Kaluza-Klein reduction of
the same model. This may lead to a new of understand-
ing Kaluza-Klein reduction, or a better understanding
of the dimensional regularization method employed here.
Indeed, it seems this regularization technique would not
match the the Kaluza-Klein reduction for the effective
string action.
Studying the D → 4 limit of the effective string action
would be interesting as it may lead to particular mod-
els of multi-Galileons with potentially interesting physics.
Moreover, we found that particular choices of the dilaton
φ lead to simpler scalar-tensor theories of gravity, which
may have potentially interesting solutions.
The D → 4 limit of Einstein-Gauss-Bonnet gravity
reported here has already been analyzed in some detail,
e.g. Taub-NUT solutions in [34] and AdS black holes in
the D → 3 limit [43], but requires further study. Indeed,
it would be interesting to consider other types of black
hole solutions to the theory, as well as star-like objects.
Moreover, we only scratched the surface of cosmological
solutions to this model and these deserve further analysis,
including studying the stability of these solutions, with
and without external matter (along the lines of [51]), and
also considering matter density perturbations.
In fact, as a Horndeski theory of gravity, the D → 4
limit of EGB opens up a wide range of potentially inter-
esting avenues. This includes studying more complicated
models of inflation, like G-inflation [53], and traversable
wormholes, as our specific Horndeski theory may evade
the initial assumptions of the no-go theorem presented in
[59, 60].
Finally, the Vainshtein mechanism of mass screening,
leading to a ‘fifth force’ has been studied for a particular
four dimensional model of Einstein-Gauss-Bonnet grav-
ity, defined via a D-dimensional Kaluza-Klein reduction,
e.g., [61]. Due to the similarities between the dimension-
ally regularized action and the model found using dimen-
sional reduction, it would be interesting to examine the
Vainshtein mechanism in the context of the ‘novel’ EGB
theory discussed here. We leave each of these research
avenues for future work.
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